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1 Introduction Let G be a finite group and let G' and Z{G) respectively denote 
the commutator subgroup and the center of G. An automorphism a of G is called 
a central automorphism if it commutes with all inner automorphisms; or equivalently 
x~^a{x) S Z{G) for all x G G. A central automorphism, by definition, fixes G' element¬ 
wise. By Autz(G) we denote the group of all central automorphisms of G, and by Aut|(G) 
we denote the group of those central automorphisms of G which fix Z{G) element-wise. 
The central automorphism group can be as large as possible when all automorphisms 
are central, that is, when Autz(G) = Aut(G); and can be as small as possible when 
Autz(G) = Z(Inn(G)). If G is abelian, then Inn(G) is trivial and hence Autz(G) = 
Aut(G). If G is non-abelian and if Autz(G) = Aut(G), then Inn(G) is abelian and hence 
G is a nilpotent group of class 2. So one can restrict attention to p-groups. Non-abelian 
p-groups for which all automorphisms are central have been well studied. If Aut(G) is 
abelian, then necessarily Autz(G) = Aut(G), and various authors have considered this 
situation; and if Aut(G) is non-abelian, even then all automorphisms may be central 
and this case has also been well explored. Curran [4] was the first to consider the 
opposite extreme—the case when Autz(G) is minimum possible. He proved that for 
Autz(G) to be equal to Z(Inn(G)), it is necessary that Z{G) must be contained in G' 
and Z(Inn(G)) must not be cyclic [H Corollaries 3.7, 3.8]. Sharma and Cumber [5] and 
recently Kalra and Cumber [5] have characterized finite p-groups G of order upto p^ for 
which Autz(G) = Z(Inn(G)). The purpose of this note is to find finite p-groups G for 
which 


Z(Inn(G)) = Aut^(G) < Autz(G). (I) 

In Theorem 2.3, we prove that there is no finite p-group G of order upto p® satisfying 
(I); and in Theorem 2.4, we prove that a group G of order satisfies (1) if and only if 
Z{G) ~ Gp 2 , |G'| = p^ and nilpotence class of G is 4. 
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It follows from the results of Curran [H Theorem 2.3] and Adney and Yen (TJ Theorem 
1] that for any non-abelian group G, 

Aut^(G) ~ Hom(G/G'Z(G),Z(G)), 

and if G is purely non-abelian and finite, then 

|AuC(G)| = |Hom(G/G',Z(G))|. 

We shall need these results quite frequently in our proofs. 

2 Proofs of Theorems Let G be a finite p-group. Observe that if Z{G) < G', then 
Aut|(G) = Autz(G). Therefore, hereafter, we shall assume that Z{G) is not contained 
in G'. Attar [5] proved that Aut 2 (G) = Inn(G) if and only if G' = Z{G) and Z{G) is 
cyclic. If G is nilpotent of class 2, then Inn(G) = Z(Inn(G)); it follows that if Aut|(G) = 
2’(Inn(G)), then G' = Z{G), which is a contradiction to our first assumption. It is, 
therefore, also necessary to assume that G is of nilpotence class at least 3. With these 
two assumptions, one can observe that G is not of maximal class, |•^(G)| > and |G| is 
at least p®. We start with the following lemma. 

Lemma 2.1. If G' is abelian, then G jG'ZlfG) is not cyclic. 

Proof. If GIG'Z{G) = {aG'Z{G)) is cyclic, then G = {a,G'Z{G)). It is easy to see that 
G' = {[p,a]|p G G'Z{G)} and the map g [p,a] is a homomorphism of G'Z{G) onto G' 
with kernel Z{G). It follows that |G'Z(G)| = |G'||Z(G)|, which is not possible in a finite 
p-group. □ 

Lemma 2.2. If G is of coclass 2, then G does not satisfy (1). 

Proof. Let |G| = p”. Then \Z{G)\ = p^ and GlZ{G) is a maximal class group of order 
p”“^. It follows that |Z(Inn(G))| = p, |(G/Z(G))'| = p"”'* and hence |AutGG)| = 
I Hom(G/G'Z(G), Z(G))| > p^ > |Z(Inn(G))|. □ 

Theorem 2.3. There does not exist a group of order upto p® satisfying (1). 

Proof. The result follows from Lemma 2.2 if |G| = p®. Therefore suppose that |G| = p®. 
Observe that either (i) nilpotence class of G is 4 and \Z(G)\ = p^ or (ii) nilpotence class 
of G is 3 and |^(G)| = p^ or p^. The result follows again from Lemma 2.2 in case (i). 
Assume that nilpotence class of G is 3 and |.^(G)| = p^. Then GjZifG) is an extra-special 
p-group and hence |Z(Inn(G))| = |(G/Z(G))'| = p. It follows that |G'Z(G)| = p^ and 
hence 

|Aut^(G)| = |Hom(G/G'Z(G),Z(G))| > p^ > |Z(Inn(G))|. 

Finally assume that nilpotence class of G is 3 and \Z(G)\ = p^. Then GjZlfG) is a class 2 
group of order p^; consequently |Z(Inn(G))| = p^, \{G/Z{G))'\ = p and hence G'Z{G) is 
an abelian normal subgroup of G of order p^. It follows from Lemma 2.1 that G/G'Z(G) 
is not cyclic and hence | Aut|(G)| > p^ > |Z(Inn(G))|. □ 

Theorem 2.4. A group G of order p^ satisfies (1) if and only if Z(G) ~ Gp 2 , \G'\ = p^ 
and nilpotence class of G is 4. 

Proof. First suppose that Z{G) ~ Gp 2 , |G'| = p^ and nilpotence class of G is 4. Then G 
is purely non-abelian and hence 

|Aut^(G)| = |Hom(G/G'Z(G),Z(G))| = p^ < p^ = | Hom(G/G', Z(G))| = | Autz(G)|. 
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Now GjZiG) is a group of order p® and of nilpotence class 3. Therefore |Z(Inn(G))| = p 
or Assume that |Z(Inn(G))| = p. Then \Z 2 {G)\ = p^. Since G is of class 4 and Z{G) 
is not contained in G', 73 (G) < Z 2 {G) and hence | 73 (G)| = p^. Observe that G/G' is 
isomorphic to Gp 2 x Gp or Gp x Gp x Gp. The first case is not possible by [31 Theorem 
1.5(iii)]. In the second case, G' — $(G). We can choose a minimal generating set {x, y, z} 
of G in which one of the generators, say z, is in Z{G). Then G' = ([a;, p], 73 (G)), and 
hence G'/^^{G) is a cyclic group of order p^. But this is a contradiction to [31 Theorem 
1.5(i)]. It follows that |Z(Inn(G))| = p^ and hence G satishes (1). 

Conversely suppose that G satishes (1). In view of Lemma 2.2, nilpotence class of 
G is either 3 or 4. First assume that G is of nilpotence class 3. Then G' is abelian and 
therefore 

d{Autl{G)) > d{G/G'Z{G)) > 2 

by Lemma 2.1. It follows that p^ < |Z(Inn(G))| < p^ and hence p^ < \Z{G)\ < p^. 
If \Z{G)\ = p^, then |Z(Inn(G))| = p^, |(G/^(G))'| = p by [71 Theorem 2] and thus 
\G'z[g)\ =p^. Since G/G'Z(G) is not cyclic, 

|Aut^(G)| = |Hom(G/G'Z(G),Z(G))| >p3, 

which is a contradiction to (3.1). We therefore suppose that \Z{G)\ =p^. First consider 
the case when |Z(Inn(G))| = p^. Observe that |G'| < p"^, because if |G'| > p"^, then 
\Z 2 {G)\ = |^(G)G'| >p5 and hence |Z(Inn(G))| > pA If |G'| = p^ or p^, then G/G'Z(G) 
is not cyclic by Lemma 2.1. Thus 

|Aut:(G)| = |Hom(G/G'Z(G),Z(G))| >p3, 

a contradiction to (3.1). Next consider the case when |Z(Inn(G))| = p^. Let H = 
GjZ{G). Then \H\ = p®, \H/Z{H)\ = p^ and nilpotence class of H is 2. Thus |iL'| = p 
by [13 Theorem 2.1(i)]. Therefore |G'^(G)| = p^ and hence |G'| =p^. Now 

I Aut^(G)| = |Hom(G/G'Z(G),Z(G))| = |Z(Inn(G))| = p\ 

which is possible only when Z{G) ~ Gp 2 and GjG'Z{G) ~ GpS x Gp. Let 

G/G'Z{G) ~ {xG'Z{G)) X {yG'Z{G)), 

where ,yP S G'Z{G) but x^,xP^ ^ G'Z{G). If G' is elementary abelian, then for any 
5 G G, 


[xP,g] = [x,g]'^’’ \x,g]^'’ \ . .[x,g]^[x,g] = [x,g]P[x,g,x]P^P 0/2 = 1 

implies that x^ G Z(G)\ and if G' is cyclic, then G is regular and thus 1 = [x,gY^ = 
[xP ,p] implies that x^ G Z{G). In both the cases, we get a contradiction. 

We next assume that nilpotence class of G is 4. Observe that |G'| < p®, because 
if |G'| = p^, then d{G) = 2 and one of the generators x,y oi G will lie in Z{G) and 
thus G' = ([x,p], 73 (G)) = 73 (G), which is not so. We now divide the proof in three 
cases depending on the order |Z(Inn(G))| of Z(Inn(G)). If |^(Inn(G))| = p^, then 
|^ 2 (G)| > p®, which is not possible in a nilpotent group of class 4. Next suppose that 
iz(Inn(G))| = p. Then G/Z(G)G' ~ Gp and thus |^(G)G'| = p^. Now if \Z{G)\ = p^, 
then |G'| = p®, not possible. If \Z{G)\ = p^, then GjZiG) has nilpotence class 3 and 
order p"^ and thus |(G/Z(G))'| = p^ by [71 Theorem 2], which gives |Z(G)G'| = p®, a 
contradiction. If \Z{G)\ = p"^, then G/Z(G) has nilpotence class 3 and order p^ and 
thus|(G/Z(G))'| = p implies that |Z(G)G'| = p®, a contradiction. Finally suppose that 
|Z(Inn(G))| = p^. In this case G/Z{G)G' cx GpXGp or Gp or Gp 2 or GpS or Gpi. Observe 
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that \Z{G)\ = because if \Z{G)\ = or p'^, then 1 ^ 2 (G)| = p^ or p®, which is not 
possible in a p-group of nilpotence class 4. We claim that Z{G) ~ Cp 2 and |G'| = p"*. 
If Z{G) Gp X Gp, then G/Z(G)G' is cyclic and thus G' is not abelian by Lemma 
2.1. Since |G'| < p^, |G'| = p^ by [3 Satz. 7.8, p. 306]. Therefore G/Z(G)G' ~ Gp 2 . 
If d{G) = 3, then exp(G/G') = p and if d{G) = 2, then G'Z{G) = ^(G), which is a 
contradiction to exp(G/G'Z(G)) = p^. It follows that Z{G) ~ Gp 2 . If |G'| = p^ or p^, 
then since j Autz(G)| = p^, G/G'Z(G) ~ G^a or Gp 4 , which is not possible by Lemma 

2.1 and 0 Satz. 7.8, p. 306]. This proves our claim. □ 

We next give an example of a group G of order 3^ which satisfies equation (3.1). This 
group G has ID 131 among the groups of order 2187 in SmallGroup library of GAP [S]. 
Consider 

G = (ai, a 2 , as, a4, 05 , ae, 07 I [ai, a 2 ] = a 3 [ai, as] = 05 [ai, 04 ] = 1, 

[Ol, 05 ] = 1, [ 01 , 05 ] = 1, [Oi, 07 ] = 1, [ 02 , Os] = Og [ 02 , 04 ] = 1, [ 02 , 05 ] = 1, 

[ 02 , oe] = 1 , [ 02 , 07 ] = 1, [ 03 , 04 ] = 1 , [ 03 , 05 ] = 1, [ 03 , oe] = 1 , [ 03 , 07 ] = 1 , 

[ 04 , 05 ] = 1 , [ 04 , Oe] = 1 , [ 04 , 07 ] = 1 , [ 05 , Oe] = 1 , [ 05 , 07 ] = 1 , [oe, 07 ] = 1 , 

of = 04 , 03 = of 04 = 07 , Oi^ = 02 = O® = 04 = Og = Og = 07 = 1). 

It can be checked that Z[G) ~ ( 04 ) ~ Gg, G' ~ ( 03 , 05 , 05 , 07 ), 04 G d)(G) — G', 

d{G) = 2, nilpotence class of G is 4, Z{G) n G' ~ ( 07 ) ~ G 3 , |G'| = 81, Z{C!) ^ G', 

I Aut|(G)| = |Hom(G/G'Z(G),Z(G))| = | Hom(Gp x Gp, Gp 2 )| = p^ and \Z 2 {G)/Z{G)\ = 

p2. 
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